Abstract
Introduction
Recovering epipolar geometry between uncalibrated views is an important task, because the recovered epipolar geometry can be used in determining the underlying 3D motion, in reconstructing the 3D structure of the scene, and in matching the views as a 1D search along the epipolar lines 17, 8, 
111.
Yet, recovering epipolar geometry between uncalibrated views is also a difficult task, because it requires matching the feature points based on the epipolar equation, which is basically a search problem in a .very large space, and is also sensitive to outliers. Traditional approaches to this problem are relaxation and robust estimation [9, 11, and clustering [ll, I]. Both, however, require expensive computation.
In this paper, we propose a new approach, the Reactive Tabu Search approach, to this problem. Tabu Search is a metaheuristic search technique that guides a local heuristic search procedure to explore the solution space beyond local optimality, and has been proven to be effective in many optimization problems
We will first brief the epipolar geometry under affine projections, and restate the problem of recovering epipolar geometry as a problem of matching feature points in such a way that a cost function is min-PI.
imized. The cost function is a measure of how well the point correspondences satisfy a common epipolar equation. We will then describe how to implement the Reactive Tabu Search in this particular problem and show the experimental results.
Formulating Epipolar Geometry Recovery as Cost Function Minimization 2.1 Determining Epipolar Equation under Affine Projections from Point Correspondences
We do not have space for detailed description of the epipolar geometry here. We will only give a simplified version.
In general, the epipolar geometry is described by an equation where F is a 3 x 3 matrix called fundamental matrix [8] , X = [z, y , 1IT and %' = [x', y', 1IT are the augmented vectors for the corresponding points in the two images.
In the case of affine cameras, the 4 upper left components in F are zeros [8] . Recoverying the epipolar geometry means determining the above epipolar equation. All point matches must satisfy the same epipolar equation. Given n pairs of point matches, we can determine the epipolar equation by minimizing the squared distances from each point to the epipolar line in each image, taken into account the scale change between the two images. This is proven to be the same as minimizing the squared distances from each pair of point matches, as a 4D point, to the hyperplane in the 4D space determined by the epipolar equation [ 
Formulating the Cost Function
Suppose we have detected n1 points in the first image and n2 points in the second image.
Our algorithm is to find the global minimum of a cost function, which corresponds to the state of correct point correspondences. Before we give the cost function, we first introduce the match matrix. We assume that we are given two 2D point sets, X , and X j , then the match matrix { m i j } is defined as:
It is obvious that the matrix W can be completely determined from {m%,}. Since some points may not have correspondences in the other image, we add an extra row R = [TI, 7 3 , . where V(W> is the smallest eigenvalue of W, which is determined from { m i j } . The X term is added to include all correct matches while rejecting outliers (points that do not have matches) simultaneously. For a given pair (xi,xj), if X > z-w, then this pair will not be regarded as outlier (i.e. will not be discarded) since making mij = 1 will lead to a less cost.
Note that for simplicity we assume that one point corresponds to at most one point in the above cost function.
Our task is to minimize the above cost function to find the correct point matches, that is, find the correct match matrix. The optimization technique used here is Reactive Tabu Search.
Determining Epipolar Equation under Full Perspective Projection
Our approach can also be applied to the full perUnder full perspective projection, by expanding 1 (XFX)' spective projection case.
Eq.(l), we can get:
where This is identical in form to Eq.(2) if we subtitute p , f with Eq.(6). Thus,f can also be determined by minimizing Eq.(3) Again, f is determined as the eigen vector associated with the smallest eigen value of W = Cy=l(pi -po)(pi -p~)~ and f33 is determined as f33 = -poTf, where
The formulation of Eq. (4) is the same as that for the affine cameras. Therefore, our approach can be applied to both affine and full perspective projections. Move: A move characterizes the process of generating a feasible solution to the problem that is related to the current solution (i.e. a move is a procedure by which a new solution is generated from the current one).
Neighbourhood: A neighbaurhood of the solution is the collection set of all possible moves out of a current configuration. Note that the actual definitions of the neighbourhood depend on the particular implementation and the nature of problem.
Tabu Conditions: In order to avoid a blind search, tabu search technique uses a prescribed problemspecific set of constraints, known as tabu conditions. They are certain conditions imposed on moves which make some of them forbidden. These forbidden moves are known as tabu moves . It is done by forming a list of certain size that records these forbidden moves. This is known as tabu list.
Aspiration Condition: These are rules that override tabu restrictions, that is, if a certain move is forbidden by tabu restriction, then the aspiration criterion, when satisfied, can make this move allowable.
With the above basic components, the tabu search algorithm can be described as follows.
(i) Start with a certain (current) configuration and (ii) evaluate the criterion function for that configuration.
Generate a neighbour of the current configuration, that is, a set of candidate moves. If the best of these moves is not a tabu, or if the best is a tabu but satisfies the aspiration criterion, then pick that move and consider it to be the new current configuration; otherwise pick the best move that is not a tabu and consider it to be the new current configuration.
(iii) Repeat (i) and (ii) until some termination criteria are satisfied.
The best solution in the final loop is the solution obtained by the algorithm. Note that the move picked at a certain iteration is put in the tabu list so that it is not allowed to be reversed in the next iterations. So Tabu Search is a memory search method. The size of the tabu list represents its memory ability. The larger the size, the stronger the memory. However, with a fixed list size, it is possible that the trajectory of search may form a limit cycle (endless repeats of a sequence of states), which can be avoided by increasing the list size. But long list size will cause low efficiency and most of time a small list size is enough. Based on the above discussion, some researchers propose the Reactive Tabu Search (RTS) method [6] .
The RTS method maintains the basic steps of Tabu Search, except that the size of tabu list is adaptive to the problem and current evolution of the search. By storing the configurations visited during the search and its corresponding iteration numbers, we can calculate the interval between two visits when configuration repetition happens. The list size is increased when configurations are repeated; otherwise the size is reduced in regions of the search space where large size of list is not needed.
RTS for Finding Point Matches Under Epipolar Geometry
In this section, we will show how to use RTS to find point correspondences, that is, how t o solve the optimization problem of Eq.(4) with RTS. We first give the main components of RTS in the context of this specific problem.
Configuration: Here it is the match matriz.
Move: There are three kinds of moves: exchange two rows in the extended match matriq discard a matched pair as a outlier; and add a matched pair (xi,xj) in the case of ri = ci = 1.
Neighbourhood: At a current solution (configuration), all kinds of possible move are considered as its neighbours.
Tabu List: The current chosen move is added to the list, whose size is adaptive.
Aspiration Condition: If a move leads to a better solution, this move is chosen even if it is in the Tabu List.
Let I,, It and It, denote the current, trial and best configurations (match matrix), and f,, ft and f b denote the corresponding current, trial and best objective function values, respectively. As described in the previous subsection, we operate with a configuration which is known, as the current solution I, and then through moves, as explained above, we generate trial solutions It. As the algorithm proceeds, we also save the best solution found so far which is denoted by I b . Corresponding to these configurations, we also operate with the objective function values f,, ft and fb, respectively. We denote M T L S as the current tabu list size and T L L as the number of elements in the tabu list. If the limit cycle does not happen, M T L S is constant and the Tabu List is a FIFO (first in first out) stack. Otherwise, it is reduced or increased according to the adaptive mechanism.
For the point correspondence problem, the RTS algorithm can be described as (adopted then modified from [a, 31):
Step 1 Initializatzon: Let I, be an arbitrary solution, and f c be the corresponding objective function value computed using equation Eq.(4). Let Step 5 The result of the above algorithm is the match matrix that maximize the number of matches and minimize the cost as in (3).
Experimental Results and Discus-'
We have tested the above algorithm on real images. The RTS has been found to be able to find the correct match points very quickly in the case of less than 50 feature points. For example, in the case of Fig.l(a) and Fig.l(b) , there are 36 and 41 feature points. The computation time is about 20 seconds on a Sparc 10 machine.
If the number of corners in the image is huge, e.g., several hundreds, we need other mechanisms to break the "large problem" into several small ones first and then deal with each small problem. For example, we can use grouping techniques first. At each time we only deal with one small group from each image. This will greatly reduce the computation cost. Another technique is to use correlation first to reduce match candidates. The impossible configurations can be obtained from the initial match results and can be regarded as the tabu configurations. We can then refine the initial match results with RTS. This refining process is computationally effective.
Summary and Conclusions
We have proposed using Reactive Tabu Search to find point matches between two uncalibrated views such that they satisfy the identical epipolar equation. The experimental results show that this approach is very effective and efficient. The authors believe that the RTS can be applied to many other computer vision problems, and hope that this paper can stimulate interest among CV researchers in this approach.
